We show that the total domination number of a graph G whose complement, G c , does not contain K3;3 is at most (G c ), except for complements of complete graphs, and graphs belonging to a certain family which is characterized. In the case where G c does not contain K4;4 we show that there are four exceptional families of graphs, and determine the total domination number of the graphs in each one.
Introduction and Preliminaries
Suppose G is a graph with vertex set V (G) . A subset S of V (G) is said to be dominating set if for every vertex v in V (G) nS, N(v) \S 6 = ;. A dominating set S is said to be a total dominating set if it also has the property that N(v) \ S 6 = ; for every vertex v in S. The minimum cardinality of a total dominating set is denoted t (G), and a total dominating set of cardinality t (G) is called a minimum total dominating set. Note that a total dominating sets only exist in graphs that do not contain isolated vertices, and that for any graph G with no isolated vertices, a minimum total dominating set is the union Research supported by the Natural Science and Engineering Research Council of Canada of minimum total dominating sets in each of its components. Hence, for the remainder of the paper it will be assumed that all graphs are connected.
The total domination number was introduced in 2], where it is proved that, for any graph, t 2jV j=3, and other bounds involving graph parameters such as the maximum degree are given. Bounds on the total domination number that involve other domination-type parameters can be found in 1]. For example t 2ir. Sun 7] has shown that the total domination number of a connected graph with at least three vertices and minimum degree 2 satis es t b 4 7 (jV j+1)c. Henning 6] has recently improved this bound to t It is easy to see that the total domination number of a graph G is at most twice the chromatic number of G c : for any colouring of G c , a total dominating set can be constructed by choosing a vertex in each colour class and a neighbour of each such vertex. This bound is attained when G is a disjoint union of nontrivial complete graphs. If we restrict our attention to connected graphs G then the bound can be improved to 2 (G c ) ? 2 by observing that G c must have a pair of non-adjacent vertices belonging to di erent colour classes. Again, this bound is best possible; it is achieved for the graphs obtained from K n by adding a path of length two to each vertex.
In 4], it is proved that for any connected graph G whose complement is planar, t (G) 4. The proof actually shows that if G is a connected graph such that G c does not contain K 3;3 as a subgraph and (G c ) 4, then t (G) (G c ) + 1 when (G c ) = 3 and t (G) (G c ) otherwise.
Let F be a graph. We call a graph F-free if it does not contain any subgraph isomorphic to F (the subgraph need not be induced). In this paper, we extend the result in 4] to show that except for complete graphs, and one other family of graphs, t (G) (G c ) for any connected graph G whose complement is K 3;3 -free. In the case where G c is K 4;4 -free we show that there are four exceptional families of graphs, and with the exception of a single graph, t (G) (G c ) + 1.
A disjoint clique cover of G is a partition of V (G) into cliques. In the complement of G, denoted G c , the same partition of vertices results in a proper colouring of G c . Hence, the minimum cardinality of a disjoint clique cover in G is the chromatic number of G c , denoted (G c ). A disjoint clique cover of minimum cardinality will be called a minimum disjoint clique cover. Proposition 1.1 Let G be a graph with minimum disjoint clique cover C. If A and B are two cliques in C such that there is an edge from a vertex in A to a vertex in B then jAj + jBj 3. This follows from the fact that C is minimum.
Suppose G is a graph with minimum disjoint clique cover C = fC 1 ; C 2 ; : : : C n g. The graph H(G; C) is de ned to have vertex set f C 1 ; C 2 ; : : : ; C n g and an edge joining C i and C j , i 6 = j, if there is a vertex in C i that is adjacent in G to a vertex in C j . If G is the complete graph then H is an isolated vertex. Otherwise, H(G; C) is a connected graph with at least two vertices. We will say that a clique C is dominated by a vertex v if C N(v). Note that every clique of size one is dominated by each of its neighbours.
The family F can also be described in terms of minimum disjoint clique covers. This is the description that will be used in the proofs following. A connected graph G is contained in F if it has a minimum disjoint clique cover of size three and, for any such clique cover C, no clique is dominated, and no vertex has a neighbour in each of the other two cliques. Proof : Suppose G is not in F. Then, there is a minimum disjoint clique cover C = fA; B; Cg such that either some clique is dominated, or there is a path a; b; c meeting all three cliques in C. In the latter case fa; b; cg is a total dominating set. In the former case, suppose C is dominated by a vertex a 2 A. If there is a vertex c 2 C with a neighbour b 2 B, then fa; b; cg is a total dominating set.
Otherwise, no vertex of B has a neighbour in C. Since G is connected either a has a neighbour b 2 B, and fa; bg is a total dominating set, or a neighbour a 0 2 A that has a neighbour b 2 B, and fa; a 0 ; bg is a total dominating set. In each case, we have t (G) 3.
Suppose G is a graph in F. A total dominating set of size four can be formed by chosing the end points of any edge from A to B and the end points of any edge from B to C. Hence, t (G) 4.
Let D be a total dominating set in G. Note that any total dominating set contains at least two vertices. Suppose there are two vertices of D contained in the same clique, say A. Therefore, every graph in F has a minimum total dominating set of size four. Suppose X is adjacent to Z. Then M 0 = M n f X Y g f X Zg is a maximum matching such that S(H; M 0 ) = ;. This contradicts the initial hypothesis.
Hence, there is a second edge U V in M such that there is a vertex in U that dominates Z. Therefore, by Lemma 3.4 V is also a dominated clique. Suppose V is dominated by a vextex in U then choose vertices in U that dominate V and Z, respectively. If this is a single vertex then choose any vertex adjacent to it. Add to these two vertices the end points of any edge from A to B for all A B 2 M n f U V g and a vertex that dominates C for every C, besides S, that is not met by the matching. Hence, there is a total dominating set of size (G c ), a contradiction. Therefore, V is not dominated by a vertex in U.
Therefore it must be the case that jV j 2. Otherwise, V would be dominated by any neighbour in U. It can be similarly argued that jZj 2 using the maximum matching M 00 = M n f U V g f U Zg.
By Proposition 1.3, Y is not adjacent to Z and V is not adjacent to Z. Since M is maximum, it is also the case that Y is not adjacent to V . Hence, there are no edges from f Y ; Sg to f V ; Zg, which contradicts Proposition 1.2. Therefore, S is the only vertex not met by the matching. Theorem 3.7 If G is a graph such that G c is K 4;4 -free and t (G) > (G c ) then one of the following holds:
3. There is a minimum disjoint clique cover C in G and maximum matching M in H = H(G; C) such that H = K 1;n , n 3 and jS(H; M)j 2. Suppose H = K 1;3 and every pair of X A , X B , X C has an empty intersection.
Then fX A ; X B ; X C ; X 0 g, where X 0 = X n fX A ; X B ; X C g is a partition of X. As in the previous case, it follows that jX A j = 1, jAj = 2 and jX 0 j = 0, since G c is K 4;4 -free. It can be similarly shown that jX B j = 1, jBj = 2, jX C j = 1 and jCj = 2. Also note that since A, B and C are undominated, only a single vertex in each has a neighbour in X. Hence, G is the graph S. This graph has a minimum total dominating set of size (G c ) + 2 = 6.
Lemma 3.9 Suppose G is a graph such that G c is K 3;3 -free. If t (G) > (G c ) then G is either a complete graph or belongs to the family of graphs F.
Proof : Since G c is K 3;3 -free, it is also K 4;4 -free. Hence, we need only show that if G falls under case (3) or (4) in Theorem 3.7 then there is a total dominating set of size at most (G c ).
Suppose there is a minimum disjoint clique cover C in G such that H = H(G; C) = K 1;n for some n 3 and jS(H; M)j 2 for some maximum matching M in H. Let A, B and C be vertices of degree one in H such that A and B are undominated cliques in G. By Proposition 1.2, it must be the case that there are exactly three vertices of degree one in H.
If X A \ X B \ X C 6 = ; then there is a total dominating set of size (G c ). Suppose not. Let x 2 X C , and assume without loss of generality that x 6 2 X A If C is not dominated by x then there is a vertex c 2 C such that c and x are not adjacent. Then there are no edges from fxg B to fcg A. This contradicts the fact that G c is K 3;3 -free. Therefore, every vertex in X C must dominate C.
If X C \ X B is not empty then there is a total dominating set of size (G c ). It can be found by choosing any vertex in X C \X B , its neighbour in B and the end points of any edge from X to A. If X A \ X B is not empty then there is a total dominating set of size (G c ). It can be found by choosing any vertex in X A \ X B , its neighbour in each of A and B and any vertex from X C .
So, assume that the intersection of any pair of X A , X B and X C is empty. Then there are no edges from X A A to B C. This contradicts the fact that G c is K 3;3 -free. Hence, t (G) (G c ) whenever H = K 1;3 .
Suppose H has a maximum matching M of size two and the single vertex not met by the matching corresponds to an undominated clique. Let X Y and U V be the edges in M, let S be the clique not met by M and assume X is adjacent to S. If t (H) > (G c ) then each of G n (X Y ) and G n (U V ) is either disconnected or in F. Then no vertex in U V V U has a neighbour in S. For any vertex x 2 X S . there is some vertex s 2 S such that x and s are not adjacent.
This follows from the fact that S is not dominated. Furthermore, no vertex in X S has a neighbour in Y . Hence, there are no edges from U V V U fxg to S Y . However, each of S and Y has cardinality at least two since they are both undominated cliques and both of U V and V U are nonempty. This contradicts the fact that G c is K 3;3 -free. Hence, for any graph G such that G c is K 3;3 -free, if t (G) > (G c ) then G is either a complete graph or belongs to the family F.
